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Abstract
We study the pseudoduality transformation on the symmetric space
sigma models. We switch the Lie group valued pseudoduality equa-
tions to Lie algebra valued ones, which leads to an infinite number of
pseudoduality equations. We obtain an infinite number of conserved
currents on the tangent bundle of the pseudodual manifold. We show
that there can be mixing of decomposed spaces with each other, which
leads to mixings of the following expressions. We obtain the mixing
forms of curvature relations and one loop renormalization group beta
functions by means of these currents.
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1
1 Introduction
We know that there is a well defined duality transformation1 between target
spaces of the sigma models on symmetric spaces with opposite curvatures
which preserves the stress energy tensors associated with each sigma mod-
els though it is not a canonical transformation. In this paper we present
the general solution of the pseudoduality equations [5] between two symmet-
ric space sigma models, and construct the pseudodual currents by means of
these equations. We will do our calculations regarding G as a symmetric
space G × G/G, and then extend our construction using Cartan’s decom-
position of symmetric spaces. We will use the references [6, 7, 8, 9] for the
symmetric space construction, and utilize the literature [10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23] on various applications to sigma models.
Since pseudoduality is defined on spacetime coordinates [4], and is best done
on the orthonormal coframes bundle 2 SO(M), we leave this construction to
later [24]. In this paper we will do our calculations on the pullback bundle of
target space M . Hence pulling structures back to spacetime is implicit, and
not emphasized. We will see that this construction will give us complicated
expressions for T as opposed to the simplified form (identity) on SO(M) [24].
2 Pseudoduality Between strict WZW Mod-
els
We consider a strict WZW sigma model [25] based on a compact Lie group
of dimension n. Lagrangian [25, 14, 21, 22, 23] for this model is defined by
L =
1
2
Tr(g−1∂µgg
−1∂µg) + Γ (1)
where Γ represents the WZ term, and the field g is given by the map g :
Σ → G. We take Σ to be two dimensional Minkowski space, and σ± =
τ ± σ is the standard lightcone coordinates as above. There is a global
continuous symmetry GL×GR which gives us the conserved currents J
(L)
+ =
g−1L ∂+gL and J
(R)
− = (∂−gR)g
−1
R taking values in the Lie algebra of G, and
g = gR(σ
−)gL(σ
+) is the solution giving the invariance of these currents.
1This transformation is known as pseudoduality transformation [1, 2, 3, 4]
2SO(M) = M × SO(n), where dim(M) = n.
2
The equations of motion following from (1) correspond to the conservation
of these currents:
∂−(g
−1
L ∂+gL) = ∂+[(∂−gR)g
−1
R ] = 0 (2)
Let G˜ be compact Lie group of the same dimension as G, and g˜ : Σ→ G˜.
Equations of motion are given by
∂−(g˜L
−1∂+g˜L) = ∂+[(∂−g˜R)g˜R
−1] = 0 (3)
Solutions of equations of motion for both models can be combined in
pseudoduality equations as
(g˜−1∂+g˜)
i = T ij (g
−1∂+g)
j (4)
(g˜−1∂−g˜)
i = −T ij (g
−1∂−g)
j (5)
where T is an orthogonal matrix connecting target space elements g−1dg and
g˜−1dg˜.
Taking ∂− of first equation (4) with the help of equations of motions (2)
and (3) shows that T is a function of σ+ only. Taking ∂+ of second equation
(5) gives us the following differential equation
[(∂+T )T
−1]ij = f
k
mlT
i
kT
j
l (g
−1
L ∂+gL)
m − f˜ ikjT
k
l (g
−1
L ∂+gL)
l (6)
We suggest an exponential solution 3 T = eX , and use the result [6, 10, 12]
(∂+T )T
−1 = −
1 − eadX
adX
∂+X =
∞∑
n=0
1
(n+ 1)!
[X, ..., [X, ∂+X ]] (7)
where adX : g → g, the adjoint representation of X, and adX(Y ) = [X, Y ]
∀Y ǫ g. We let X → εX and look for a perturbation solution, and hence the
left-hand side of equation (6) is
[(∂+T )T
−1]ij = ε(∂+X)
i
j +
ε2
2
[X, ∂+X ]
i
j +
ε3
3!
[X, [X, ∂+X ]] + ... (8)
We insert an order parameter ε to the right-hand side of (6), and get
[(∂+T )T
−1]ij =εf
k
mlT
i
kT
j
l (g
−1
L ∂+gL)
m − εf˜ ikjT
k
l (g
−1
L ∂+gL)
l (9)
=εfkml(1 + εX)
i
k(1 + εX)
j
l (g
−1
L ∂+gL)
m − εf˜ ikj(1 + εX)
k
l (g
−1
L ∂+gL)
m
=εf imj(g
−1
L ∂+gL)
m − εf˜ ikj(g
−1
L ∂+gL)
k + ε2f imlX
j
l (g
−1
L ∂+gL)
m
+ ε2fkmjX
i
k(g
−1
L ∂+gL)
m − ε2f˜ ikjX
k
l (g
−1
L ∂+gL)
l +O(ε3)
3We notice that X ∈ so(n), the Lie algebra of SO(n)
3
Comparing (8) and (9) in the first order of ε gives us
(∂+X)
i
j = (f
i
kj − f˜
i
kj)(g
−1
L ∂+gL)
k (10)
This leads to the solution
X ij = X(0)
i
j + (f
i
kj − f˜
i
kj)
∫ σ+
0
(g−1L ∂+gL)
kdσ′+ (11)
Hence the matrix T may be written as
T ij = δ
i
j +X(0)
i
j + (f
i
kj − f˜
i
kj)
∫ σ+
0
(g−1L ∂+gL)
kdσ′+ (12)
We see that if both sigma models based on the same groups, i.e G = G˜,
target space of transformed model will be globally shifted as determined by
the tangent space of unit element of T . We set X(0)ij equal to zero.
Now we plug this in the pseudoduality equations (4) and (5) to find fields
g˜−1∂+g˜ and g˜
−1∂−g˜ which lead us to construct the pseudodual currents. We
switch from Lie group-valued fields to the lie algebra-valued fields, and we
let 4 g = eY and g˜ = eY˜ . Using the result [6, 10, 12]
e−X∂µe
X =
1− e−adX
adX
∂µX =
∞∑
k=0
(−1)k
(k + 1)!
[X, ..., [X, ∂µX ]] (13)
we can write the following
g−1L ∂+gL = ∂+YL −
1
2!
[YL, ∂+YL] +
1
3!
[YL, [YL, ∂+YL]] + ... (14)
g−1∂−g =∂−YR − [YL, ∂−YR]−
1
2
[YR, ∂−YR] +
1
2
[YL, [YR, ∂−YR]] (15)
+
1
2
[YL, [YL, ∂−YR]] +
1
6
[YR, [YR, ∂−YR]]...
and the equations of motion for the left and right currents will be
∂−(g
−1
L ∂+gL) = ∂
2
+−YL−
1
2!
∂−[YL, ∂+YL]+
1
3!
∂−[YL, [YL, ∂+YL]]+ ... = 0 (16)
4Y is the lie algebra of g, Y ∈ g.
4
∂+[(∂−gR)g
−1
R ] = ∂
2
+−YR +
1
2!
∂+[YR, ∂−YR] +
1
3!
∂+[YR, [YR, ∂−YR]] + ... = 0
(17)
where gL/R = e
YL/R, and we used equation (7). We may write similar equa-
tions with tilde (˜). Hence transformation matrix T (12) will be
T ij = δ
i
j + (f
i
kj − f˜
i
kj)Y
k
L −
1
2!
(f ikj − f˜
i
kj)
∫ σ+
0
[YL, ∂+YL]
kdσ′+ (18)
We impose a solution Y =
∑
∞
n=1 ε
nyn to determine the nonlinear parts
of the equations (14) and (15) in terms of ε, where ε is a small parameter.
Thus transformation matrix (18) becomes
T ij = δ
i
j+ε(f
i
kj− f˜
i
kj)y
k
L1+ε
2(f ikj− f˜
i
kj)[y
k
L2−
1
2
∫ σ+
0
[yL1, ∂+yL1]
kdσ′+]+O(ε3)
(19)
and we have the following expressions for (14) and (15)
g−1L ∂+gL = ε∂+yL1 + ε
2(∂+yL2 −
1
2
[yL1, ∂+yL1]) (20)
+ ε3(∂+yL3 −
1
2
[yL1, ∂+yL2]−
1
2
[yL2, ∂+yL1] +
1
6
[yL1, [yL1, ∂+yL1]]) +H.O(ε)
g−1∂−g = ε∂−yR1 + ε
2(∂−yR2 − [yL1, ∂−yR1]−
1
2
[yR1, ∂−yR1]) (21)
+ ε3(∂−yR3 − [yL2, ∂−yR1]− [yL1, ∂−yR2]−
1
2
[yR2, ∂−yR1]−
1
2
[yR1, ∂−yR2]
+
1
2
[yL1, [yR1, ∂−yR1]] +
1
2
[yL1, [yL1, ∂−yR1]]) +H.O(ε)
Therefore first pseudoduality equation (4) can be split into infinite number
of equations, determined by each order of ε as follows,
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(1.i) ∂+y˜
i
L1 = ∂+y
i
L1 (22)
(1.ii) ∂+y˜
i
L2 +
1
2
[y˜L1, ∂+y˜L1]
i
G˜
= ∂+y
i
L2 +
1
2
[yL1, ∂+yL1]
i
G
(1.iii) ∂+y˜
i
3 −
1
2
[y˜1, ∂+y˜2]
i
G˜
−
1
2
[y˜2, ∂+y˜1]
i
G˜
+
1
6
[y˜1, [y˜1, ∂+y˜1]G˜]
i
G˜
= ∂+y
i
3
+
1
2
[y1, ∂+y2]
i
G +
1
2
[y2, ∂+y1]
i
G − [y1, ∂+y2]
i
G˜
− [y2, ∂+y1]
i
G˜
−
1
3
[y1, [y1, ∂+y1]G]
i
G
+
1
2
[y1, [y1, ∂+y1]G]
i
G˜
−
1
2
[
∫ σ+
0
[y1, ∂+y1]G dσ
′+, ∂+y1]
i
G +
1
2
[
∫ σ+
0
[y1, ∂+y1]G dσ
′+, ∂+y1]
i
G˜
· · ·
where we used subindex G (G˜) to represent commutation relations for the
sigma model based on Lie group G (G˜). (1.i) gives y˜L1 = yL1 + CL1, where
CL1 is a constant, and we set it equal to zero, and leads to (1.ii). Likewise
second pseudoduality equation (5) gives the following infinite set of equations
(2.i) ∂−y˜
i
R1 = −∂−y
i
R1 (23)
(2.ii) ∂−y˜
i
R2 −
1
2
[y˜R1, ∂−y˜R1]
i
G˜
= −∂−y
i
R2 +
1
2
[yR1, ∂−yR1]
i
G
(2.iii) · · ·
where we used (2.i) and (1.i) in (2.ii), and (2.i) leads to y˜R1 = −yR1 + CR1,
CR1 is a constant which is set to zero. We notice the fact that (22) only
depends on σ+, and (23) on σ− point out pseudodual conserved currents,
which can be written as follows
J˜L+(σ
+) = g˜−1∂+g˜ =
∞∑
n=1
εnJ˜
L[n]
+ (σ
+) (24)
J˜R
−
(σ−) = (∂−g˜)g˜
−1 =
∞∑
n=1
εnJ˜
R[n]
− (σ
−) (25)
where each component is determined by the orders of ε’s, which are given
by expression (20) (with tilde). The nonlocal expressions of currents are
determined with the help of (22) and (23)
J˜
L[1]
+ (σ
+) = ∂+y˜
i
L1 = ∂+y
i
L1 (26)
6
J˜
L[2]
+ (σ
+) = ∂+y˜L2 −
1
2
[y˜L1, ∂+y˜L1]G˜ = ∂+y
i
L2 +
1
2
[yL1, ∂+yL1]
i
G − [yL1, ∂+yL1]G˜
(27)
· · ·
J˜
R[1]
− (σ
−) = ∂−y˜
i
R1 = −∂−y
i
R1 (28)
J˜
R[2]
− (σ
−) = ∂−y˜R2+
1
2
[y˜R1, ∂−y˜R1]G˜ = −∂−y
i
R2+
1
2
[yR1, ∂−yR1]
i
G+[yR1, ∂−yR1]G˜
(29)
· · ·
We see that these currents are conserved, ∂−J˜
L
+ = ∂+J˜
R
−
= 0. It is
observed that pseudodual currents are expressed as a nonlocal function of
lie algebra valued fields on g. As a result we obtained a family of nonlocal
conserved currents on the WZW model on G. This family is a consequence
of infinite set of terms of T which is a function of lie algebra valued fields g.
2.1 An Example
We consider sigma models based on Lie groups G = SO(n + 1) and G˜ =
SO(n, 1). The corresponding lie algebra are given by
so(n + 1) =
(
a b
−bt c
)
so(n, 1) =
(
a˜ b˜
b˜t c˜
) a = a˜ = n× n
b = b˜ = n× 1
c = c˜ = 1× 1
(30)
Let g = eY and g˜ = eY˜ , and fields g−1L ∂+gL and g˜L
−1∂+g˜L are given by
(14). We get the following expressions
YL =
(
aL bL
−btL cL
)
∂+YL =
(
∂+aL ∂+bL
−∂+b
t
L ∂+cL
)
Y˜L =
(
a˜L b˜L
b˜L
t
c˜L
)
∂+Y˜L =
(
∂+a˜L ∂+b˜L
∂+b˜L
t
∂+c˜L
)
[YL, ∂+YL] =
(
0 aL∂+bL+bL∂+cL−(∂+aL)bL−(∂+bL)cL
−btL(∂+aL)−cL(∂+b
t
L)+(∂+b
t
L)aL+(∂+cL)b
t
L 0
)
[Y˜L, ∂+Y˜L] =
(
0 a˜L∂+b˜L+b˜L∂+c˜L−(∂+a˜L)b˜L−(∂+b˜L)c˜L
b˜tL(∂+a˜L)+c˜L(∂+b˜
t
L)−(∂+b˜
t
L)a˜L−(∂+c˜L)b˜
t
L 0
)
7
Hence up to the second order terms we get the expressions for the fields
on the target space elements
g−1L ∂+gL =
(
X1 X2
X3 X4
)
+H.O g˜L
−1∂+g˜L =
(
X˜1 X˜2
X˜3 X˜4
)
+H.O (31)
where we defined the following
X1 = ∂+aL X˜1 = ∂+a˜L X4 = ∂+cL X˜4 = ∂+c˜L
X2 = ∂+bL −
aL∂+bL + bL∂+cL − (∂+aL)bL − (∂+bL)cL
2
X˜2 = ∂+b˜L −
a˜L∂+b˜L + b˜L∂+c˜L − (∂+a˜L)b˜L − (∂+b˜L)c˜L
2
X3 = −∂+b
t
L −
−btL(∂+aL)− cL(∂+b
t
L) + (∂+b
t
L)aL + (∂+cL)b
t
L
2
X˜3 = ∂+b˜
t
L −
b˜tL(∂+a˜L) + c˜L(∂+b˜
t
L)− (∂+b˜
t
L)a˜L − (∂+c˜L)b˜
t
L
2
Likewise we get the following expressions related to fields g−1∂−g and
g˜−1∂−g˜ using (15)
[YL, ∂−YR] =
(
0 aL∂−bR+bL∂−cR−(∂−aR)bL−(∂−bR)cL
−btL(∂−aR)−cL(∂−b
t
R)+(∂−b
t
R)aL+(∂−cR)b
t
L 0
)
[YR, ∂−YR] =
(
0 aR∂−bR+bR∂−cR−(∂−aR)bR−(∂−bR)cR
−btR(∂−aR)−cR(∂−b
t
R)+(∂−b
t
R)aR+(∂−cR)b
t
R 0
)
[Y˜L, ∂−Y˜R] =
(
0 a˜L∂−b˜R+b˜L∂−c˜R−(∂−a˜R)b˜L−(∂−b˜R)c˜L
b˜tL(∂−a˜R)+c˜L(∂− b˜
t
R)−(∂− b˜
t
R)a˜L−(∂−c˜R)b˜
t
L 0
)
[Y˜R, ∂−Y˜R] =
(
0 a˜R∂− b˜R+b˜R∂− c˜R−(∂−a˜R)b˜R−(∂− b˜R)c˜R
b˜tR(∂−a˜R)+c˜R(∂− b˜
t
R)−(∂− b˜
t
R)a˜R−(∂− c˜R)b˜
t
R 0
)
g−1∂−g =
(
Z1 Z2
Z3 Z4
)
+H.O g˜−1∂−g˜ =
(
Z˜1 Z˜2
Z˜3 Z˜4
)
+H.O (32)
Z1 = ∂−aR Z˜1 = ∂−a˜R Z4 = ∂−cR Z˜4 = ∂−c˜R
Z2 = ∂−bR−(aL+
aR
2
)∂−bR−(bL+
bR
2
)∂−cR+(∂−aR)(bL+
bR
2
)+(∂−bR)(cL+
cR
2
)
Z˜2 = ∂−b˜R−(a˜L+
a˜R
2
)∂−b˜R−(b˜L+
b˜R
2
)∂−c˜R+(∂−a˜R)(b˜L+
b˜R
2
)+(∂−b˜R)(c˜L+
c˜R
2
)
8
Z3 = −∂−b
t
R+(b
t
L+
btR
2
)∂−aR+(cL+
cR
2
)∂−b
t
R−(∂−b
t
R)(aL+
aR
2
)−(∂−cR)(b
t
L+
btR
2
)
Z˜3 = ∂−b˜
t
R−(b˜
t
L+
b˜tR
2
)∂−a˜R−(c˜L+
c˜R
2
)∂−b˜
t
R+(∂−b˜
t
R)(a˜L+
a˜R
2
)+(∂−c˜R)(b˜
t
L+
b˜tR
2
)
Obviously equations of motion are satisfied. Since we want to reduce con-
straints on the conservation laws and bring the nonlinear characters of con-
served currents into the open we let e =
∑
∞
n=1 ε
nen, where e stands for the
matrix components a, b and c. We may find solutions in the orders of ε’s.
But we need to find transformation matrix T first and foremost.
2.1.1 Trivial Case: T = I
Let us consider first a trivial solution where transformation matrix is identity.
Pseudoduality equations will be
(g˜L
−1∂+g˜L)
i = (g−1L ∂+gL)
i (33)
(g˜−1∂−g˜)
i = −(g−1∂−g)
i (34)
Using (31) the first equation (33) leads to
∂+a˜L1 = ∂+aL1 ∂+a˜L2 = ∂+aL2
∂+c˜L1 = ∂+cL1 ∂+c˜L2 = ∂+cL2
∂+b˜L1 = ∂+bL1 ∂+b˜
t
L1 = −∂+b
t
L1
∂+ ˜bL2 = ∂+bL2 +
1
2
[AL1(∂+bL1) +BL1(∂+cL1)− (∂+aL1)BL1 − (∂+bL1)CL1]
∂+b˜
t
L2 = −∂+b
t
L2 −
1
2
[BtL1(∂+aL1) + CL1(∂+b
t
L1)− (∂+b
t
L1)AL1 − (∂+cL1)B
t
L1]
where we used the solutions of first six equations in the last two lines as
follows
a˜L1 = aL1 + AL1 a˜L2 = aL2 + AL2
c˜L1 = cL1 + CL1 c˜L2 = cL2 + CL2
b˜L1 = bL1 +BL1 b˜
t
L1 = −b
t
L1 − B
t
L1
˜bL2 = bL2 +
1
2
(AL1bL1 +BL1cL1 − aL1BL1 − bL1CL1) +BL2
b˜tL2 = −b
t
L2 −
1
2
(BtL1aL1 + CL1(∂+b
t
L1)− (∂+bL1)AL1 − cL1B
t
L1)− B
t
L2
where AL1, AL2, BL1, BL2, CL1 and CL2 are constants. Therefore pseudodual
left current (31) up to the order of ε2 in nonlocal expressions is
g˜−1L ∂+g˜L =
(
M˜1 M˜2
M˜3 M˜4
)
+H.O (35)
9
where we defined the following symbols for the entries of matrix
M˜1 = ε∂+a˜L1 + ε
2∂+a˜L2 = ε∂+aL1 + ε
2∂+aL2
M˜4 = ε∂+c˜L1 + ε
2∂+c˜L2 = ε∂+cL1 + ε
2∂+cL2
M˜2 = ε∂+b˜L1 + ε
2[∂+b˜L2 −
1
2
(a˜L1∂+b˜L1 + b˜L1∂+c˜L1 − (∂+a˜L1)b˜L1 − (∂+b˜L1)c˜L1)]
= ε∂+bL1 + ε
2[∂+bL2 −
1
2
[aL1(∂+bL1) + bL1(∂+cL1)− (∂+aL1)bL1 − (∂+bL1)cL1]]
M˜3 = ε∂+b˜
t
L1 + ε
2[∂+b˜
t
L2 −
1
2
[b˜tL1(∂+a˜L1) + c˜L1(∂+b˜
t
L1)− (∂+b˜
t
L1)a˜L1 − (∂+c˜L1)b˜
t
L1]]
= −ε∂+b
t
L1 − ε
2[∂+b
t
L2 −
1
2
[btL1(∂+aL1) + cL1(∂+b
t
L1)− (∂+b
t
L1)aL1 − (∂+cL1)b
t
L1]]
Obviously this current is conserved. To find right current we use 2nd pseudo-
duality equation (34) and we find the following expressions up to the order
of ε2
∂−a˜R1 = −∂−aR1 ∂−a˜R2 = −∂−aR2
∂−c˜R1 = −∂−cR1 ∂−c˜R2 = −∂−cR2
∂−b˜R1 = −∂−bR1 ∂−b˜
t
R1 = ∂−b
t
R1
∂− ˜bR2 = −∂−bR2 + (aR1 − AL1 +
AR1
2
)(∂−bR1) + (bR1 −BL1 +
BR1
2
)(∂−cR1)
−(∂−aR1)(bR1 −BL1 +
BR1
2
)− (∂−bR1)(cR1 − CL1 +
CR1
2
)
∂−b˜
t
R2 = ∂−b
t
R2 − (−B
t
L1 + b
t
R1 +
BtR1
2
)(∂−aR1)− (−CL1 + cR1 +
CR1
2
)(∂−b
t
R1)
+(∂−b
t
R1)(−AL1 + aR1 +
AR1
2
) + (∂−cR1)(−B
t
L1 + b
t
R1 +
BtR1
2
)
where we used the solution of first six equations in the last two equations as
a˜R1 = −aR1 − AR1 a˜R2 = −aR2 −AR2
c˜R1 = −cR1 − CR1 c˜R2 = −cR2 − CR2
b˜R1 = −bR1 − BR1 b˜
t
R1 = b
t
R1 +B
t
R1
where AR1, AR2, BR1, CR1 and CR2 are constants. A brief computation yields
the following expression for the right current
(∂−g˜R)g˜
−1
R =
(
N˜1 N˜2
N˜3 N˜4
)
+H.O (36)
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N˜1 = ε∂−a˜R1 + ε
2∂−a˜R2 = −ε∂−aR1 − ε
2∂−aR2
N˜4 = ε∂−c˜R1 + ε
2∂−c˜R2 = −ε∂−cR1 − ε
2∂−cR2
N˜2 = ε∂−b˜R1 + ε
2[∂−b˜R2 +
1
2
(a˜R1∂−b˜R1 + b˜R1∂−c˜R1 − (∂−a˜R1)b˜R1 − (∂−b˜R1)c˜R1)]
= −ε∂−bR1 + ε
2[−∂−bR2 + (
3
2
aR1 + AR1 −AL1)(∂−bR1) + (
3
2
bR1 +BR1 − BL1)(∂−cR1)
−(∂−aR1)(
3
2
bR1 +BR1 − BL1)− (∂−bR1)(
3
2
cR1 + CR1 − CL1)]
N˜3 = ε∂−b˜
t
R1 + ε
2[∂−b˜
t
R2 +
1
2
[b˜tR1(∂−a˜R1) + c˜R1(∂−b˜
t
R1)− (∂−b˜
t
R1)a˜R1 − (∂−c˜R1)b˜
t
R1]]
= ε∂−b
t
R1 + ε
2[∂−b
t
R2 − (
3
2
btR1 +B
t
R1 −B
t
L1)(∂−aR1)− (
3
2
cR1 + CR1 − CL1)(∂−b
t
R1)
+(∂−b
t
R1)(
3
2
aR1 + AR1 −AL1) + (∂−cR1)(
3
2
btR1 +B
t
R1 − B
t
L1)]
We see that this current is also conserved.
2.1.2 Nontrivial Case: General T
In this case we use the general expression (19) of transformation matrix T.
Pseudoduality equations are given by (4) and (5), and gave us the equations
(22) and (23) which can be written as
∂+a˜L1 = ∂+aL1 ∂+b˜L1 = ∂+bL1 ∂+b˜
t
L1 = −∂+b
t
L1 ∂+c˜L1 = ∂+cL1
∂−a˜R1 = −∂−aR1 ∂−b˜R1 = −∂−bR1 ∂−b˜
t
R1 = ∂−b
t
R1 ∂−c˜R1 = −∂−cR1
∂+a˜L2 = ∂+aL2 ∂+c˜L2 = ∂+cL2 ∂−a˜R2 = −∂−aR2 ∂−c˜R2 = −∂−cR2
∂+b˜L2 = ∂+bL2 −
1
2
[AL1(∂+bL1) +BL1(∂+cL1)− (∂+aL1)BL1 − (∂+bL1)CL1]
∂+b˜
t
L2 = −∂+b
t
L2 +
1
2
[BtL1(∂+aL1) + CL1(∂+b
t
L1)− (∂+b
t
L1)AL1 − (∂+cL1)B
t
L1]
∂−b˜R2 = −∂−bR2 + (aR1 +
AR1
2
)(∂−bR1) + (bR1 +
BR1
2
)(∂−cR1)
− (∂−aR1)(bR1 +
BR1
2
)− (∂−bR1)(cR1 +
CR1
2
)
∂−b˜
t
R2 = ∂−b
t
R2 − (b
t
R1 +
BtR1
2
)(∂−aR1)− (cR1 +
CR1
2
)(∂−b
t
R1)
+ (∂−b
t
R1)(aR1 +
AR1
2
) + (∂−cR1)(b
t
R1 +
BtR1
2
)
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where we used the solutions of first three lines for the last four expressions.
Solutions of these equations are
a˜L1 = aL1 + AL1 b˜L1 = bL1 +BL1 b˜
t
L1 = −b
t
L1 −B
t
L1
c˜L1 = cL1 + CL1 a˜R1 = −aR1 − AR1 b˜R1 = −bR1 − BR1
b˜tR1 = b
t
R1 +B
t
R1 c˜R1 = −cR1 − CR1 a˜L2 = aL2 + AL2
c˜L2 = cL2 + CL2 a˜R2 = −aR2 − AR2 c˜R2 = −cR2 − CR2
b˜L2 = bL2 +BL2 −
1
2
[AL1bL1 +BL1cL1 − aL1BL1 − bL1CL1]
b˜tL2 = −b
t
L2 − B
t
L2 +
1
2
[BtL1aL1 + CL1b
t
L1 − b
t
L1AL1 − cL1B
t
L1]
where AL1, AR1, BL1, BR1, CL1, CR1, and BL2 are constants. We did not
find solutions of b˜R2 and b˜
t
R2 because of their complicated forms and no need
to use them. Hence pseudodual left current (24) will be
J˜
(L)
+ = g˜
−1∂+g˜ = ε∂+y˜L1 + ε
2{∂+y˜L2 −
1
2
[y˜L1, ∂+y˜L1]G˜}+H.O.
=
(
M˜1 M˜2
M˜3 M˜4
)
+H.O. (37)
where
M˜1 = ε∂+a˜L1 + ε
2∂+a˜L2 = ε∂+aL1 + ε
2∂+aL2
M˜4 = ε∂+c˜L1 + ε
2∂+c˜L2 = ε∂+cL1 + ε
2∂+cL2
M˜2 = ε∂+b˜L1 + ε
2[∂+b˜L2 −
1
2
{a˜L1(∂+b˜L1) + b˜L1(∂+c˜L1)− (∂+a˜L1)b˜L1 − (∂+b˜L1)c˜L1}]
= ε∂+bL1 + ε
2[∂+bL2 −
1
2
{aL1(∂+bL1) + bL1(∂+cL1)− (∂+aL1)bL1 − (∂+bL1)cL1}]
M˜3 = ε∂+b˜
t
L1 + ε
2[∂+b˜
t
L2 −
1
2
{b˜tL1(∂+a˜L1) + c˜L1(∂+b˜
t
L1)− (∂+b˜
t
L1)a˜L1 − (∂+c˜L1)b˜
t
L1}]
= −ε∂+b
t
L1 − ε
2[∂+b
t
L2 − (
btL1
2
+BtL1)(∂+aL1)− (
cL1
2
+ CL1)(∂+b
t
L1)
+ (∂+b
t
L1)(
aL1
2
+ AL1) + (∂+cL1)(
btL1
2
+BtL1)]
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Pseudodual right current (25) can be constructed as follows
J˜
(R)
− = (∂−g˜)g˜
−1 = ε∂−y˜R1 + ε
2{∂−y˜R2 +
1
2
[y˜R1, ∂−y˜R1]G˜}+H.O.
=
(
N˜1 N˜2
N˜3 N˜4
)
+H.O. (38)
where
N˜1 = ε∂−a˜R1 + ε
2∂−a˜R2 = −ε∂−aR1 − ε
2∂−aR2
N˜4 = ε∂−c˜R1 + ε
2∂−c˜R2 = −ε∂−cR1 − ε
2∂−cR2
N˜2 = ε∂−b˜R1 + ε
2{∂−b˜R2 +
1
2
[a˜R1(∂−b˜R1) + b˜R1(∂−c˜R1)− (∂−a˜R1)b˜R1 − (∂−b˜R1)c˜R1]}
= −ε∂−bR1 − ε
2{∂−bR2 − (
3aR1
2
+ AR1)(∂−bR1)− (
3bR1
2
+BR1)(∂−cR1)
+ (∂−aR1)(
3bR1
2
+BR1) + (∂−bR1)(
3cR1
2
+ CR1)}
N˜3 = ε∂−b˜
t
R1 + ε
2{∂−b˜
t
R2 +
1
2
[b˜tR1(∂−a˜R1) + c˜R1(∂−b˜
t
R1)− (∂−b˜
t
R1)a˜R1 − (∂−c˜R1)b˜
t
R1]}
= ε∂−b
t
R1 + ε
2{∂−b
t
R2 − (
3btR1
2
+BtR1)(∂−aR1)− (
3cR1
2
+ CR1)(∂−b
t
R1)
+ (∂−b
t
R1)(
3aR1
2
+ AR1) + (∂−cR1)(
3btR1
2
+BtR1)}
It is apparent that these currents are conserved.
3 Cartan Decomposition of Symmetric Spaces
We saw in the above example that symmetric spaces can be decomposed
into two pieces, one piece remains invariant under transformation T though
the other piece is transformed in such a way that it behaves like a new
symmetric space. Let π be the projection G −→ M , sending each g ∈ G to
submersion M . We see that M is symmetric space after invariant parts of G
are eliminated.
Let H be a closed subgroup of a connected Lie group G, and σ be an
involutive automorphism of G such that F0 ⊂ H ⊂ F = Fix(σ). Symmetric
space M is the coset space M = G/H . If g is the Lie algebra of G, h is
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the Lie algebra of H , and m is the Lie subspace 5 for M , then g = m ⊕ h,
where h is closed under brackets while m is Ad(H)-invariant subspace of g,
i.e, Adh(m) ⊂m for all h ∈ H . If X ∈ g, then X = Xh+Xm, where Xh ∈ h,
and Xm ∈ m. The involutive automorphism dσ is such that dσ(Xh) = Xh
and dσ(Xm) = −Xm. Bracket relations for the symmetric space are defined
by
[h,h] ⊂ h, [h,m] ⊂m, [m,m] ⊂ h (39)
The currents J
(L)
+ = g
−1∂+g and J
(R)
− = (∂−g)g
−1 on g can be split into
the currents J
(L)
m = g−1D+g and J
(R)
m = (D−g)g
−1 on m and J
(L)
h = A+ and
J
(R)
h = gA−g
−1 on h, where D± is the covariant derivative acting on m, and
A± is the gauge field defined on h.
If one defines indices i, j, k, ... for the space elements of g, indices a, b, c, ...
for the space elements of h, and indices α, β, γ, ... for the space elements of
m, then (39) allows only structure constants fabc, f
α
aβ , f
α
βa, and f
a
αβ . The other
structure constants vanish. This leads to the following equations of motion,
k+ = g
−1D+g =⇒ D−k+ = 0 (40)
k− = g
−1D−g =⇒ D+k− = [k−, A+] + [A−, k+] (41)
A+ = g
−1D
′
+g =⇒ D
′
−
A+ = 0 (42)
A− = g
−1D
′
−
g =⇒ D
′
+A− = [A−, A+] + [k−, k+] (43)
where k±(A±) belongs to m(h), and D(D
′
) is the covariant derivative acting
on m(h).
It is natural to write down the Pseudoduality equations (4) and (5) in
the most general split form on two spaces m and h as follows
k˜α+ = T
α
β k
β
+ + T
α
a A
a
+ A˜
a
+ = T
a
b A
b
+ + T
a
αk
α
+
k˜α
−
= −T αβ k
β
− − T
α
a A
a
−
A˜a
−
= −T ab A
b
−
− T aαk
α
−
(44)
where
g−1∂+g =
(
k+
A+
)
on m−space
on h−space
(45)
g−1∂−g =
(
k−
A−
)
on m−space
on h−space
(46)
5m is called as the Lie subspace for M , not Lie Algebra [7].
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and
T =
(
T αβ T
α
a
T aβ T
a
b
)
on m−space
on h−space
(47)
Apparently T αa and T
a
β represent the mixing components of the isome-
try preserving map T . Before considering this most general pseudoduality
relations which lead to mixed expressions it is worth to analyze pseudodu-
ality equations between pure symmetric spaces and their counter H-spaces
without mixing parts.
3.1 Non-Mixing Pseudoduality
We set the mixing components T αa and T
a
β in equation (44) equal to zero,
and consider the pseudoduality equations on m and h-spaces as follows
k˜α
±
= ±T αβ k
β
± (48)
A˜a
±
= ±T ab A
b
±
(49)
When we take D− of (48), and D
′
−
of (49) (‘+’ equations only) followed by
the equations of motion (40) and (42) we obtain the result that both T αβ and
T ab depend only on σ
+. Now let us take D+ of ‘−’ equation in (48), and use
(41) to get
[k˜−, A˜+]
α + [A˜−, k˜+]
α = −(D+T
α
β )k
β
− − T
α
β [k−, A+]
β − T αβ [A−, k+]
β (50)
Since k− and A− can be treated independently, this equation can be split
into the following equations
f˜αβak˜
β
+T
a
c = T
α
β f
β
λck
λ
+ (51)
f˜αaβA˜
a
+T
β
λ = −D+T
α
λ + T
α
β f
β
aλA
a
+ (52)
First equation (51) gives us a relation between structure constants, f˜αβaT
β
λ T
a
c =
T αβ f
β
λc, which leads second equation to yield D+T
α
λ = 0. Therefore we con-
clude that T αβ has to be a constant, and we choose it to be identity. Similarly
we take D
′
+ of ‘−’ equation in (49), and use (43) to get
[A˜−, A˜+]
a + [k˜−, k˜+]
a = −(D
′
+T
a
b )A
b
−
− T ab [A−, A+]
b − T ab [k−, k+]
b (53)
15
This equation yields the following results
f˜aαβ k˜
α
+T
β
λ = T
a
b f
b
βλk
β
+ (54)
f˜abcA˜
b
+T
c
d = −D
′
+T
a
d + T
a
b f
b
cdA
c
+ (55)
First equation (54) verifies the result above up to the permutation of indices,
f˜aαβT
α
ν T
β
λ = T
a
b f
b
νλ. Second equation (55) produces the following solution
T ab = T
a
b (0) + (f
a
cb − f˜
a
cb)
∫ σ+
0
Ac+D
′
σ
′+ +H.O. (56)
where we choose T ab (0) to be identity. It is easy to see that these equations
yield the following bracket relations
[k˜+, A˜−]
α = −T αβ [k+, A−]
β (57)
[k˜−, A˜+]
α = −T αβ [k−, A+]
β (58)
[k˜+, k˜−]
a = −T ab [k+, k−]
b (59)
[A˜+, A˜−]
a = −T ab [A+, A−]
b + (D
′
+T
a
b )A
b
−
(60)
that verifies the equations of motion on pseudodual space as pointed out
above, D+k˜
α
−
= −T αβD+k
β
− and D+A˜
a
−
= −T ab D
′
+A
b
−
− (D
′
+T
a
b )A
b
−
. We
notice that if H and H˜ are the same for both manifolds, i.e., fabc = f˜
a
bc, then
T ab reduces to identity, and we recover the flat space pseudoduality relations
on two manifolds. One can easily construct nonlocal field expressions using
above solutions, which are
k˜± = ±k± (61)
A˜± = ±A± ±
∫ σ+
0
([A+(σ
′+), A±(σ
+)]H − [A+(σ
′+), A±(σ
+)]H˜)D
′
σ
′+ +H.O.
(62)
One may readily construct nonlocal expressions of the conserved pseudodual
currents by means of these fields and following the method in section 2 (??).
3.2 Mixing Pseudoduality
We now consider mixing ofm and h-spaces in pseudodual expressions. Pseu-
doduality equations can be written as in (44). We take ∂− of first equation
on m-space (44), and obtain
(∂−T
α
β )k
β
+ + (∂−T
α
a )A
a
+ = 0 (63)
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since m and h-spaces are independent, we get ∂−T
α
β = ∂−T
α
a = 0, so T
α
β and
T αa don’t depend on σ
−. Now we take ∂+ of second equation on m-space (44)
and see that
[k˜−, A˜+]
α + [A˜−, k˜+]
α =− (∂+T
α
β )k
β
− − T
α
β [k−, A+]
β − T αβ [A−, k+]
β
− (∂+T
α
a )A
a
−
− T αa [A−, A+]
a − T αa [k−, k+]
a (64)
We substitute the expressions for k˜− and A˜− into this equation, and compare
the coefficients of k− and A− to get the following expressions
∂+T
α
λ = [f
β
bλT
α
β − f˜
α
aβ(T
a
b T
β
λ − T
β
b T
a
λ )]A
b
+ + [f
a
βλT
α
a − f˜
α
aν(T
a
βT
ν
λ − T
ν
β T
a
λ )]k
β
+
(65)
∂+T
α
b = [f
ν
βbT
α
ν − f˜
α
aν(T
a
βT
ν
b − T
ν
β T
a
b )]k
β
+ + [f
a
cbT
α
a − f˜
α
βa(T
β
c T
a
b − T
a
c T
β
b )]A
c
+
(66)
Since we only need to find currents up to the second order terms, it suffices
to find mapping tensors using only initial values
T αλ (σ
+) =T αλ (0) + (f
α
bλ − f˜
α
bλ + f˜
α
aβT
β
b (0)T
a
λ (0))
∫ σ+
0
Ab+D
′
σ
′+ (67)
+ (faβλT
α
a (0)− f˜
α
aλT
a
β (0) + f˜
α
aβT
a
λ (0))
∫ σ+
0
kβ+Dσ
′+ +H.O.
T αb (σ
+) =T αb (0) + (f
α
βb + f˜
α
bβ − f˜
α
aνT
a
β (0)T
ν
b (0))
∫ σ+
0
kβ+Dσ
′+ (68)
+ (facbT
α
a (0)− f˜
α
βbT
β
c (0) + f˜
α
βcT
β
b (0))
∫ σ+
0
Ac+D
′
σ
′+ +H.O.
where all initial values are chosen to be identity. Therefore pseudodual non-
local currents on m˜ can be written as
k˜α+ =k
α
+ + T
α
b (0)A
b
+ + (f
a
βλT
α
a (0)− f˜
α
aλT
a
β (0) + f˜
α
aβT
a
λ (0))k
λ
+
∫ σ+
0
kβ+Dσ
′+
+ (fαbβ − f˜
α
bβ + f˜
α
aνT
ν
b (0)T
a
β (0))
∫ σ+
0
(Ab+(σ
′+)kβ+(σ
+)− kβ+(σ
′+)Ab+(σ
+))dσ
′+
+ (facbT
α
a (0)− f˜
α
βbT
β
c (0) + f˜
α
βcT
β
b (0))A
b
+
∫ σ+
0
Ac+D
′
σ
′+ +H.O. (69)
17
k˜α
−
=− kα
−
− T αb (0)A
b
−
− (faβλT
α
a − f˜
α
aλT
a
β (0) + f˜
α
aβT
a
λ (0))k
λ
−
∫ σ+
0
kβ+Dσ
′+
+ (fαβb + f˜
α
bβ − f˜
α
aνT
ν
b (0)T
a
β (0))
∫ σ+
0
(Ab+(σ
′+)kβ−(σ
+)− kβ+(σ
′+)Ab
−
(σ+))dσ
′+
− (facbT
α
a (0)− f˜
α
βbT
β
c (0) + f˜
α
βcT
β
b (0))A
b
−
∫ σ+
0
Ac+D
′
σ
′+ +H.O. (70)
Conservation laws of these currents up to the second order terms are obvious.
Now we consider pseudoduality equations on h-space (44). We take ∂− of
first equation, and we obtain
(∂−T
a
b )A
b
+ + (∂−T
a
α)k
α
+ = 0 (71)
Hence we get ∂−T
a
b = ∂−T
a
α = 0, which implies that T
a
b and T
a
α don’t depend
on σ−. Taking ∂+ of second equation we get the following equation
[A˜−, A˜+]
a + [k˜−, k˜+]
a =− (∂+T
a
b )A
b
−
− T ab [A−, A+]
b − T ab [k−, k+]
b
− (∂+T
a
α)k
α
−
− T aα [k−, A+]
α − T aα [A−, k+]
α (72)
We replace A˜− and k˜− in this equation to obtain the following results
∂+T
a
d = (T
a
b f
b
ed − f˜
a
bcT
b
eT
c
d − f˜
a
αβT
α
e T
β
d )A
e
+ + (T
a
αf
α
λd − f˜
a
bcT
b
λT
c
d − f˜
a
αβT
α
λ T
β
d )k
λ
+
(73)
∂+T
a
ν = (T
a
b f
b
λν − f˜
a
bcT
b
λT
c
ν − f˜
a
αβT
α
λ T
β
ν )k
λ
+ + (T
a
αf
α
dν − f˜
a
bcT
b
dT
c
ν − f˜
a
αβT
α
d T
β
ν )A
d
+
(74)
We again want to find solutions up to the second order terms, so we only use
initial values to get
T ad (σ
+) =T ad (0) + (f
a
ed − f˜
a
ed − f˜
a
αβT
α
e (0)T
β
d (0))
∫ σ+
0
Ae+D
′
σ
′+ (75)
+ (T aα(0)f
α
λd − f˜
a
bdT
b
λ(0)− f˜
a
λβT
β
d (0))
∫ σ+
0
kλ+Dσ
′+ +H.O.
T aν (σ
+) =T aν (0) + (f
a
λν − f˜
a
λν − f˜
a
bcT
b
λ(0)T
c
ν (0))
∫ σ+
0
kλ+Dσ
′+ (76)
+ (T aα(0)f
α
dν − f˜
a
dcT
c
ν (0)− f˜
a
ανT
α
d (0))
∫ σ+
0
Ad+D
′
σ
′+ +H.O.
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Thus pseudodual fields up to the second order terms on H space will be
A˜a+ = A
a
+ + T
a
λ (0)k
λ
+ + (f
a
ed − f˜
a
ed − f˜
a
αβT
α
e (0)T
β
d (0))A
d
+
∫ σ+
0
Ae+D
′
σ
′+
+ (T aα(0)f
α
λd − f˜
a
bdT
b
λ(0)− f˜
a
λβT
β
d (0))
∫ σ+
0
(kλ+(σ
′+)Ad+(σ
+)−Ad+(σ
′+)kλ+(σ
+))dσ
′+
+ (faλν − f˜
a
λν − f˜
a
bcT
b
λ(0)T
c
ν (0))k
ν
+
∫ σ+
0
kλ+Dσ
′+ +H.O. (77)
A˜a
−
= −Aa
−
− T aλ (0)k
λ
−
− (faed − f˜
a
ed − f˜
a
αβT
α
e (0)T
β
d (0))A
d
−
∫ σ+
0
Ae+D
′
σ
′+
− (T aα(0)f
α
λd − f˜
a
bdT
b
λ(0)− f˜
a
λβT
β
d (0))
∫ σ+
0
(kλ+(σ
′+)Ad
−
(σ+)− Ad+(σ
′+)kλ
−
(σ+))dσ
′+
− (faλν − f˜
a
λν − f˜
a
bcT
b
λ(0)T
c
ν (0))k
ν
−
∫ σ+
0
kλ+Dσ
′+ +H.O. (78)
It is obvious that conservation laws (42) and (43) up to the second order
terms are satisfied
D˜
′
−
A˜a+ =0 (79)
D˜
′
+A˜
a
−
=− [A−, A+]
a
G˜
− [k−, k+]
a
G˜
− [T (0)A−, T (0)A+]
a
G˜
− [A−, T (0)k+]
a
G˜
− [T (0)k−, A+]
a
G˜
− [T (0)A−, k+]
a
G˜
− [k−, T (0)A+]
a
G˜
− [T (0)k−, T (0)k+]
a
G˜
+H.O. (80)
3.3 Dual Symmetric Spaces and Further Constraints
It is well-known [3, 7] that two normal symmetric spaces are dual symmetric
spaces if there exist
1. a Lie algebra isomorphism S : h −→ h˜ such that Q˜(SV, SW ) =
−Q(V,W ) for all V,W ∈ h, and Q is inner product.
2. a linear isometry T : m −→ m˜ such that [TX, TY ] = −S[X, Y ] for all
X, Y ∈m.
Item (1) tells us that brackets in h and h˜ are the same while item (2) tells
us that inner products in m and m˜ are the same. Item (1) yields the result
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facb = f˜
a
cb for non-mixing pseudoduality, which leads T
a
b to be a constant.
Hence pseudoduality transformations will simply be
k˜α
±
= ±kα
±
(81)
A˜a
±
= ±Aa
±
(82)
with the bracket relations (57)-(60) given by
[k˜+, A˜−]
α = −[k+, A−]
α (83)
[k˜−, A˜+]
α = −[k−, A+]
α (84)
[k˜+, k˜−]
a = −[k+, k−]
a (85)
[A˜+, A˜−]
a = −[A+, A−]
a (86)
On the other hand one can write the following bracket relations between
pseudodual target spaces for the mixing pseudoduality case
[k˜−, A˜+]
α + [A˜−, k˜+]
α =− T αβ [k−, A+]
β − T αβ [A−, k+]
β (87)
− T αa [A−, A+]
a − T αa [k−, k+]
a
[A˜−, A˜+]
a + [k˜−, k˜+]
a =− T ab [A−, A+]
b − T ab [k−, k+]
b (88)
− T aα [k−, A+]
α − T aα [A−, k+]
α
which in turn leads to relations of connection two-forms between symmet-
ric and corresponding H-spaces, which is consistent with the result found in
section 5 (??). These equations produce that all components of the pseudo-
duality map T must be constant, and we choose them to be identity. Hence
pseudoduality equations will simply be
k˜α
±
= ±kα
±
± T αa (0)A
a
±
(89)
A˜a
±
= ±Aa
±
± T aα(0)k
α
±
(90)
3.4 An Example
We consider the Lie groups we used in the previous section. We saw that
invariant subspace of SO(n + 1) is 1 × SO(n). We pick H space as SO(n).
Hence our symmetric space is M = SO(n+1)
SO(n)
. The Lie algebra g = so(n+ 1)
can be written as
so(n + 1) =
(
a b
−bt c
) a = 1× 1
b = 1× n
c = n× n
(91)
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which can be split as(
a b
−bt c
)
=
(
a 0
0 c
)
+
(
0 b
−bt 0
)
g = h⊕m (92)
Let Y ∈ g, X ∈ h, and Z ∈ m. Then, D
′
Z = 0 and DX = 0. Using the
expansions (14) and (15), we may write the following expressions
kα+ = D+Z
α
L −
1
2
[XL, D+ZL]
α −
1
2
[ZL, D
′
+XL]
α +H.O. (93)
Aa+ = D
′
+X
a
L −
1
2
[XL, D
′
+XL]
a −
1
2
[ZL, D+ZL]
a +H.O. (94)
kα
−
= D−Z
α
R − [XL, D−ZR]
α − [ZL, D
′
−
XR]
α −
1
2
[XR, D−ZR]
α (95)
−
1
2
[ZR, D
′
−
XR]
α +H.O.
Aa
−
= D
′
−
XaR − [XL, D
′
−
XR]
a − [ZL, D−ZR]
a −
1
2
[XR, D
′
−
XR]
a (96)
−
1
2
[ZR, D−ZR]
a +H.O.
We describe solutions X =
∑
∞
n=1 ε
nxn and Z =
∑
∞
n=1 ε
nzn, where ε is a
small parameter. It is clear that equations of motion (40)-(43) for all orders
of ε are satisfied. In the following calculations we are going to use expressions
up to the order of ε2 for simplicity.
Now we consider dual symmetric space M˜ = SO(n,1)
SO(n)
, where H˜ = SO(n).
Lie algebra g˜ = so(n, 1) is written as
so(n, 1) =
(
a˜ b˜
b˜t c˜
) a˜ = 1× 1
b˜ = 1× n
c˜ = n× n
(97)
which is split as(
a˜ b˜
b˜t c˜
)
=
(
a˜ 0
0 c˜
)
+
(
0 b˜
b˜t 0
)
g˜ = h˜⊕ m˜ (98)
Let Y˜ = X˜ + Z˜, where Y˜ ∈ g˜, X˜ ∈ h˜, and Z˜ ∈ m˜. We get the same
fields as equations (93)-(96) with tilde. Equations of motion will be the
same with tilde. We may now find pseudodual fields using our expressions
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found above. We note that because of the special form of our Lie groups,
mixing components of the map T vanishes, and we simply get non-mixing
pseudoduality condition.
We insert our expressions into equations (81) and (82) to get infinitely
many pseudoduality relations. Up to the order of ε2 terms equation (81) will
be
D˜+z˜
α
L1 = D+z
α
L1 D˜−z˜
α
R1 = −D−z
α
R1 (99)
D˜+z˜
α
L2 −
1
2
[x˜L1, D˜+z˜L1]
α −
1
2
[z˜L1, D˜
′
+x˜L1]
α = D+z
α
L2 −
1
2
[xL1, D+zL1]
α −
1
2
[zL1, D
′
+xL1]
α
D˜−z˜
α
R2 − [x˜L1, D˜−z˜R1]
α − [z˜L1, D˜
′
−
x˜R1]
α −
1
2
[x˜R1, D˜−z˜R1]
α −
1
2
[z˜R1, D˜
′
−
x˜R1]
α =
−D−z
α
R2 + [xL1, D−zR1]
α + [zL1, D
′
−
xR1]
α +
1
2
[xR1, D−zR1]
α +
1
2
[zR1, D
′
−
xR1]
α
and equation (82) will be
D˜
′
+x˜
a
L1 = D
′
+x
a
L1 D˜
′
−
x˜aR1 = −D
′
−
xaR1 (100)
D˜
′
+x˜
a
L2 −
1
2
[x˜L1, D˜
′
+x˜L1]
a −
1
2
[z˜L1, D˜+z˜L1]
a = D
′
+x
a
L2 −
1
2
[xL1, D
′
+xL1]
a −
1
2
[zL1, D+zL1]
a
D˜
′
−
x˜aR2 − [x˜L1, D˜
′
−
x˜R1]
a − [z˜L1, D˜−z˜R1]
a −
1
2
[x˜R1, D˜
′
−
x˜R1]
a −
1
2
[z˜R1, D˜−z˜R1]
a =
−D
′
−
xaR2 + [xL1, D
′
−
xR1]
a + [zL1, D−zR1]
a +
1
2
[xR1, D
′
−
xR1]
a +
1
2
[zR1, D−zR1]
a
Since we know
D±zn =
(
0 D±bn
−D±b
t
n 0
)
D
′
±
xn =
(
D
′
±
an 0
0 D
′
±
cn
)
[x1, D
′
±
x1] =
(
[a1, D
′
±
a1] 0
0 [c1, D
′
±
c1]
)
[z1, D±z1] =
(
(D±b1)b
t
1 − b1(D±b
t
1) 0
0 (D±b
t
1)b1 − b
t
1(D±b1)
)
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[x1, D±z1] =
(
0 a1D±b1 − (D±b1)c1
−c1(D±b
t
1) + (D±b
t
1)a1 0
)
[z1, D
′
±
x1] =
(
0 b1D
′
±
c1 − (D
′
±
a1)b1
−bt1(D
′
±
a1) + (D
′
±
c1)b
t
1 0
)
One can write similar expressions on the pseudodual space replacing each
term with tilded terms. Only exception is that we switch btn with −b˜
t
n so that
we get the convenient lie algebra on tilded space. Therefore pseudoduality
equations above (99) and (100) will give the following expressions
D˜+b˜L1 = D+bL1 D˜+b˜
t
L1 = −D+b
t
L1
D˜−b˜R1 = −D−bR1 D˜−b˜
t
R1 = D−b
t
R1
D˜
′
+a˜L1 = D
′
+aL1 D˜
′
+c˜L1 = D
′
+cL1
D˜
′
−
a˜R1 = −D
′
−
aR1 D˜
′
−
c˜R1 = −D
′
−
cR1
D˜+b˜L2 = D+bL2 +
1
2
{(a˜L1 − aL1)D+bL1 −D+bL1(c˜L1 − cL1)}
+
1
2
{(b˜L1 − bL1)D
′
+cL1 −D
′
+aL1(b˜L1 − bL1)}
D˜+b˜
t
L2 = −D+b
t
L2 −
1
2
{(c˜L1 − cL1)D+b
t
L1 −D+b
t
L1(a˜L1 − aL1)}
+
1
2
{(b˜tL1 + b
t
L1)D
′
+aL1 −D
′
+cL1(b˜
t
L1 + b
t
L1)}
D˜
′
+a˜L2 = D
′
+aL2 +
1
2
[(a˜L1 − aL1), D
′
+aL1]
−
1
2
{D+bL1(b
t
L1 + b˜
t
L1)− (bL1 − b˜L1)D+b
t
L1}
D˜
′
+c˜L2 = D
′
+cL2 +
1
2
[(c˜L1 − cL1), D
′
+cL1]
−
1
2
{D+b
t
L1(bL1 − b˜L1)− (b
t
L1 + b˜
t
L1)D+bL1}
23
D˜−b˜R2 = −D−bR2 + {(aL1 − a˜L1) +
1
2
(aR1 − a˜R1)}D−bR1
−D−bR1{(cL1 − c˜L1) +
1
2
(cR1 − c˜R1)}
+ {(bL1 − b˜L1) +
1
2
(bR1 − b˜R1)}D
′
−
cR1
−D
′
−
aR1{(bL1 − b˜L1) +
1
2
(bR1 − b˜R1)}
D˜−b˜
t
R2 = D−b
t
R2 − {(cL1 − c˜L1) +
1
2
(cR1 − c˜R1)}D−b
t
R1
+D−b
t
R1{(aL1 − a˜L1) +
1
2
(aR1 − a˜R1)}
− {(btL1 + b˜
t
L1) +
1
2
(btR1 + b˜
t
R1)}D
′
−
aR1
+D
′
−
cR1{(b
t
L1 + b˜
t
L1) +
1
2
(btR1 + b˜
t
R1)}
D˜
′
−
a˜R2 = −D
′
−
aR2 + [(aL1 − a˜L1) +
1
2
(aR1 − a˜R1), D
′
−
aR1]
+D−bR1{(b
t
L1 + b˜
t
L1) +
1
2
(btR1 + b˜
t
R1)}
− {(bL1 − b˜L1) +
1
2
(bR1 − b˜R1)}D−b
t
R1
D˜
′
−
c˜R2 = −D
′
−
cR2 + [(cL1 − c˜L1) +
1
2
(cR1 − c˜R1), D
′
−
cR1]
+D−b
t
R1{(bL1 − b˜L1) +
1
2
(bR1 + b˜R1)}
− {(btL1 + b˜
t
L1) +
1
2
(btR1 + b˜
t
R1)}D−bR1
where tilded terms on the right hand sides can be replaced by solving cor-
responding equations. One can obtain the conserved nonlocal currents using
these terms.
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4 Curvatures
4.1 Case I: Curvatures on g and g˜
Let us find the curvatures related to symmetric spaces, and see the relations
between dual symmetric parts. We first consider the case where H = id. We
may choose orthonormal frame {J} on the pullback bundle g∗(TG), where
J stands for both J (R) and J (L). These currents satisfy the Maurer-Cartan
equation
dJ i +
1
2
f ijkJ
j ∧ Jk = 0 (101)
where wi = J i and wik =
1
2
f ijkJ
j is the antisymmetric riemannian connection.
Curvature can be found using torsion free Cartan structural equations
dwi + wij ∧ w
j = 0 (102)
dwij + w
i
k ∧ w
k
j =
1
2
Rijklw
k ∧ wl (103)
Substituting wi = J i and wij =
1
2
f ikjJ
k into first equation gives us the Maurer-
Cartan equation (101). Curvature tensor associated with g can be found
using second equation (103),
Rijmn = −
1
2
(f ikmf
k
nj + f
i
kjf
k
mn) =
1
2
f iknf
k
jm (104)
where we used jacobi identity in the last equation, f ik[mf
k
nj] = 0. We may find
similar relations for pseudodual space with tilde (just put ˜ on each term).
To relate curvature tensor on pseudodual space with regular space, we use
nonlocal expressions (26)-(29). Since both currents yield the same result, we
just use (26) and (27) for the final expression. We may write J˜ i in nonlocal
terms as
J˜ i = εdyi1 + ε
2[dyi2 +
1
2
f ijky
i
1 ∧ dy
k
1 − f˜
i
jky
j
1 ∧ dy
k
1 ] +H.O. (105)
Hence w˜i = J˜ i, and w˜ik can be written as
w˜ik =
1
2
f˜ ijkJ˜
j
=
ε
2
f˜ ijkdy
j
1 +
ε2
2
f˜ ijk[dy
j
2 +
1
2
f jmny
m
1 ∧ dy
n
1 − f˜
j
mny
m
1 ∧ dy
n
1 ] +H.O. (106)
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We plug w˜i and w˜ik into the second Cartan structural equation on pseudodual
space in the form
dw˜ij + w˜
i
k ∧ w˜
k
j =
1
2
R˜ijklw˜
k ∧ w˜l (107)
to obtain the curvature expression
R˜ijmn =
1
2
f˜ ikjf
k
mn − f˜
i
kj f˜
k
mn +
1
2
f˜ imkf˜
k
nj (108)
Since by definition R˜ijmn (104)can also be written as
R˜ijmn =
1
2
f˜ iknf˜
k
jm (109)
we get a relation between structure constants on spaces g and g˜
1
2
f˜ ikjf
k
mn =
1
2
f˜ ikj f˜
k
mn (110)
where we used the jacobi identity f˜ ik[nf˜
k
jm] = 0. Though we do not set f
k
mn
equal to f˜kmn, we may treat them on equal footing, and use one for another
interchangeably in paired terms. Hence R˜ijmn (108) can be written in nonlocal
structure constants as
R˜ijmn = −
1
2
f iknf
k
jm = −R
i
jmn (111)
where we used f ik[jf
k
nm] = 0 after setting tilde terms with nontilde terms. We
note that we obtained pseudodual space curvature as the negative regular
space curvature. This shows that spaces are dual symmetric spaces as we
expressed above.
4.2 Case II: Curvatures on Decomposed Spaces
Let us decompose the current as J = Jαtα + J
ata, where we use indices
α, β, γ, ... for m space and indices a, b, c, ... for h space, and tα and ta are
corresponding generators. We can write the commutation relations as
[ta, tb] = f
c
abtc [ta, tβ] = f
α
aβtα [tα, tβ] = f
c
αβtc (112)
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Maurer-Cartan equation (101) can be decomposed as
dJa +
1
2
fabcJ
b ∧ Jc +
1
2
faαβJ
α ∧ Jβ = 0 on h− space (113)
dJα + fαβaJ
β ∧ Ja = 0 on m− space (114)
We can also decompose Cartan structural equations. Decomposition of first
structural equation gives us
dwa + wab ∧ w
b + waα ∧ w
α = 0 on h− space (115)
dwα + wαβ ∧ w
β + wαa ∧ w
a = 0 on m− space (116)
comparison of these equations with the Maurer-Cartan equations (113)-(114)
gives us the following connections
wa = Ja wac =
1
2
fabcJ
b waβ =
1
2
faαβJ
α (117)
wα = Jα wαβ =
1
2
fαaβJ
a wαa =
1
2
fαβaJ
β (118)
Decomposition of second Cartan structural equation leads to the following
equations
dwab + w
a
c ∧ w
c
b + w
a
λ ∧ w
λ
b =
1
2
Rabcdw
c ∧ wd +
1
2
Rabcλw
c ∧ wλ (119)
+
1
2
Rabλcw
λ ∧ wc +
1
2
Rabλµw
λ ∧ wµ
dwaα + w
a
c ∧ w
c
α + w
a
λ ∧ w
λ
α =
1
2
Raαbcw
b ∧ wc +
1
2
Raαbβw
b ∧ wβ (120)
+
1
2
Raαβbw
β ∧ wb +
1
2
Raαλµw
λ ∧ wµ
dwαβ + w
α
γ ∧ w
γ
β + w
α
a ∧ w
a
β =
1
2
Rαβabw
a ∧ wb +
1
2
Rαβaγw
a ∧ wγ (121)
+
1
2
Rαβγaw
γ ∧ wa +
1
2
Rαβλµw
λ ∧ wµ
dwαa + w
α
γ ∧ w
γ
a + w
α
b ∧ w
b
a =
1
2
Rαabcw
b ∧ wc +
1
2
Rαabλw
b ∧ wλ (122)
+
1
2
Rαaλbw
λ ∧ wb +
1
2
Rαaλµw
λ ∧ wµ
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Inserting (117) and (118) into (119) gives the following curvature components
Rabde =
1
2
(fadcf
c
eb − f
a
cbf
c
de) =
1
2
facef
c
bd (123)
Rabαβ =
1
2
(faαλf
λ
βb − f
a
cbf
c
αβ) =
1
2
faλβf
λ
bα (124)
Rabcλ = R
a
bλc = 0 (125)
where we used the jacobi identity fac[df
c
be] = 0 in (123), and f
a
λαf
λ
bβ + f
a
cbf
c
βα+
faλβf
λ
αb in (124). Likewise (120) gives the following curvature components
Raαcλ =
1
2
(facdf
d
λα − f
a
βαf
β
cλ) =
1
2
faβλf
β
αc (126)
Raαλc =
1
2
(faλβf
β
cα − f
a
βαf
β
λc) =
1
2
fabcf
b
αλ (127)
Raαbc = R
a
αλµ = 0 (128)
where we used the jacobi identity fadcf
d
αλ + f
a
βαf
β
λc + f
a
βλf
β
cα = 0 in (126), and
faβλf
β
αc+ f
a
βαf
β
cλ+ f
a
bcf
b
λα = 0 in (127). Equation (121) produces the following
curvature components
Rαβbc =
1
2
(fαbγf
γ
cβ − f
α
aβf
a
bc) =
1
2
fαγcf
γ
βb (129)
Rαβλµ =
1
2
(fαλaf
a
µβ − f
α
aβf
a
λµ) =
1
2
fαaµf
a
βλ (130)
Rαβaγ = R
α
βγa = 0 (131)
where we used the jacobi identity fαγbf
γ
βc + f
α
aβf
a
cb + f
α
γcf
γ
bβ = 0 in (129), and
fαaλf
a
βµ + f
α
aβf
a
µλ + f
α
aµf
a
λβ = 0 in (130). Finally, equation (122) gives the
following curvature components
Rαacλ =
1
2
(fαcβf
β
λa − f
α
βaf
β
cλ) =
1
2
fαbλf
b
ac (132)
Rαaλc =
1
2
(fαλbf
b
ca − f
α
βaf
β
λc) =
1
2
fαβcf
β
aλ (133)
Rαabc = R
α
aλµ = 0 (134)
where we used the jacobi identity fαβcf
β
aλ + f
α
βaf
β
λc + f
α
bλf
b
ca = 0 in (132), and
fαbλf
b
ac+f
α
βaf
β
cλ+f
α
βcf
β
λa = 0 in (133). Obviously we can write similar equations
with tilde.
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We want to write down curvature relations between symmetric spaces (m
and m˜) and corresponding closed spaces (h and h˜) on g and g˜. To realize
this objective we will use the bracket relations derived from pseudoduality
equations. In case of non-mixing pseudoduality, we will make use of bracket
relation (83)-(86). After eliminating A− and k− terms we obtain the following
relations between connection one forms
w˜αa = w
α
a w˜
α
β = w
α
β (135)
w˜aβ = w
a
β w˜
a
b = w
a
b (136)
where we used the definitions (117) and (118) for the connection two forms.
Taking exterior derivative of these connections we obtain the result
R˜ABCD = −R
A
BCD (137)
where A, B, C and D represent indices corresponding to M or H-space
elements depending on which equation is used. But curvature expressions
found above restrict all curvature components to exist. Therefore we will
only have curvatures whose all indices belongs to one space (m or h) or
being shared equally, otherwise they do not exist. On the other hand when
we consider mixing pseudoduality, we observe that curvature components
mix. From the connection two-forms we obtain the relations
w˜αβ + w˜
α
aT
a
β (0) = w
α
β + T
α
a (0)w
a
β (138)
w˜αβT
β
b (0) + w˜
α
b = T
α
a (0)w
a
b + w
α
b (139)
w˜ab + w˜
a
βT
β
b (0) = w
a
b + T
a
β (0)w
β
b (140)
w˜abT
b
β(0) + w˜
a
β = T
a
γ (0)w
γ
β + w
a
β (141)
It is clear that once mixing isometries disappear we have (135) and (136).
Therefore curvature relations will be
RˆABµν = −(
¯˜RABµν +
¯˜RABµcT
c
ν (0) +
¯˜RABcνT
c
µ(0) +
¯˜RABcdT
c
µ(0)T
d
ν (0)) (142)
RˆABµd = −(
¯˜RABµd +
¯˜RABcdT
c
µ(0) +
¯˜RABµνT
ν
d (0) +
¯˜RABcνT
c
µ(0)T
ν
d (0)) (143)
RˆABcν = −(
¯˜RABcν +
¯˜RABcdT
d
ν (0) +
¯˜RABµνT
µ
c (0) +
¯˜RABµdT
µ
c (0)T
d
ν (0)) (144)
RˆABcd = −(
¯˜RABcd +
¯˜RABµdT
µ
c (0) +
¯˜RABcµT
µ
d (0) +
¯˜RABµνT
µ
c (0)T
ν
d (0)) (145)
where we defined Rˆαλµν ≡ R
α
λµν + T
α
a (0)R
a
λµν and
¯˜Rαλµν ≡ R˜
α
λµν + R˜
α
bµνT
b
λ(0),
and A, B represent indices for m or h-spaces. Obviously if all mixing parts
are set to zero we obtain the simplest case (137).
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5 One Loop Renormalization Group β-function
It is noted that renormalization group β-function to one-loop order [26] is
given by
βmn =
Rmn
2π
(146)
where Rmn is Ricci curvature of connections w
i
j. On g it is written as
βij =
1
4π
fknjf
n
ik (147)
On decomposed spaces h and m one loop β-functions will be
βab =
1
4π
(fαβbf
β
aα + f
c
dbf
d
ac) (148)
βαγ =
1
4π
(faλγf
λ
αa + f
a
αλf
λ
aγ) (149)
It is readily observed that Raα = Rαa = 0. On pseudodual spaces one can
write the following relations
βij = −β˜ij βab = −β˜ab βαγ = −β˜αγ (150)
if there is a non-mixing pseudoduality. On the other hand if there is a mixing
pseudoduality we have
βab = −β˜ab − β˜aνT
ν
b (0)− β˜νbT
v
a (0)− β˜µνT
µ
a (0)T
ν
b (0) (151)
βµν = −β˜µν − β˜dνT
d
µ (0)− β˜µdT
d
ν (0)− β˜abT
a
µ (0)T
b
ν (0) (152)
where we defined β˜νb ≡
1
2pi
{R˜cνµbT
µ
c (0) + R˜
µ
νcbT
c
µ(0)}, β˜aν ≡
1
2pi
{R˜caµνT
µ
c (0) +
R˜µacνT
c
µ(0)}, β˜dν ≡
1
2pi
{R˜cdλνT
λ
c (0) + R˜
λ
dcνT
c
λ(0)} and β˜µd ≡
1
2pi
{R˜cµλdT
λ
c (0) +
R˜λµcdT
c
λ(0)} on the contrary to (146). We notice that if all mixing isometries
vanish, then we get (150). We notice that we will also obtain additional
mixing components of β-function, but we avoid to obtain them.
6 Discussion
In this section we were able to obtain infinite number of pseudoduality equa-
tions by switching from Lie group expressions to Lie algebra ones. We ob-
served that pseudoduality transformation respects the conservation law of
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currents. To understand what these currents imply for let us write pseudo-
duality equations as
J˜
(L)
+ = +TJ
(L)
+
J˜
(L)
− = −TJ
(L)
−
where J
(L)
± = g
−1∂±g. First equation implies that T is a function of σ
+
as above. Second equation is interesting and gives the information about
currents. If we take ∂+ of second equation we obtain that
[g˜−1∂−g˜, g˜
−1∂−g˜]G˜ = −(∂+T )(g
−1∂−g)− T [g
−1∂−g, g
−1∂+g]G
We notice that g−1∂±g ∈ g, and if we use the definition adg(X)(Y ) = [X, Y ]G
this equation can be written as
adg˜(J˜
(L)
+ )(J˜
(L)
− ) = (∂+T )J
(L)
− + Tadg(J
(L)
+ )(J
(L)
− )
If the second pseudoduality equation is inserted then one gets
− adg˜(J˜
(L)
+ )T − Tadg(J
(L)
+ ) = (∂+T )
It is obvious that this is the lie algebra version of the AdG×AdG˜ action on T.
adg(J
(L)
+ ) is the orthogonal flat connection on g
∗TG as defined in section (4).
One may find curvature relations using these connections as above. Thus
another interpretation of pseudoduality is that since J
(L)
+ depends only on
σ+, so does T . Hence if we define a parallel transport P (σ) from (0, 0) to
σ = (σ+, σ−), pseudoduality equations may be written as
∗Σ (P˜ (σ))
−1(g˜−1dg˜) = T (0)(P (σ)−1g−1dg)
where T (0) = P˜ (σ)T (σ)P−1(σ). This means that we start with g−1dg, and
parallel transport it to origin, and do the same on the dual model. We finally
use the fixed isometry T (0) to equate these two fields at the origins.
Acknowledgments
I would like to thank O. Alvarez for his comments, helpful discussions, and
reading an earlier draft of the manuscript. I would like to thank E. A. Ivanov
for bringing his important paper to my attention.
31
References
[1] T. Curtright and C.Zachos, Currents, charges, and canonical structure of
pseudochiral models, Phys. Rev. D49 (1994) 5408-5421, hep-th/9401006/.
[2] E. A. Ivanov, Duality in d = 2 sigma models of chiral field with anomaly,
Theor. Math. Phys. 71 (1987) 474-484.
[3] O. Alvarez, Target space pseudoduality between dual symmetric spaces,
Nucl. Phys. B582 (2000) 139, hep-th/0004120/.
[4] O. Alvarez, Pseudoduality in Sigma Models, Nucl.Phys. B638 (2002) 328-
350, hep-th/0204011/.
[5] M.Sarisaman, Pseudoduality and Conserved Currents in Sigma Models,
Mod. Phys. Lett. A, Vol. 24, No. 2 (2009) pp. 123-134.
[6] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces,
Academic Press, 1978.
[7] B.O’Neill, Semi-Riemannian Geometry, Academic Press, 1983.
[8] J.A. Wolf, Spaces of Constant Curvature, Publish or Perish, Inc., fifth
ed., 1984.
[9] A. Arvanitoyeorgos, An Introduction to Lie Groups and the Geometry of
Homogeneous Spaces, American Mathematical Society, Student Mathe-
matical Library 22, 2003.
[10] H. Eichenherr, M. Forger, Higher local conservation laws for nonlinear
sigma models on symmetric spaces, Commun. Math. Phys. 82 (1981) 227.
[11] H. Eichenherr, M. Forger, On the dual symmetry of the non-linear sigma
models, Nucl. Phys. B 155 (1978) 381.
[12] H. Eichenherr, M. Forger, More about non-linear sigma models on sym-
metric spaces, Nucl. Phys. B 164 (1980) 528.
[13] H. Eichenherr, M. Forger, Nucl. Phys. B 282 (1987) 745, Erratum.
[14] J.M. Evans, A.J. Mountain, Commuting charges and symmetric spaces,
Physics Letters B, v. 483, iss. 1-3, p. 290-298.
32
[15] P. Fendley, Sigma models as perturbed conformal field theories, Phys.
Rev. Lett. 83 (1999) 4468, hep-th/9906036/.
[16] J.H. Schwarz, Classical symmetries of some two-dimensional models,
Nucl. Phys. B447 (1995) 137, hep-th/9503078/.
[17] J.H. Schwarz, Classical symmetries of some two-dimensional models cou-
pled to gravity, Nucl. Phys. B454 (1995) 427, hep-th/9506076/.
[18] O.A. Castro Alvaredo, J.L. Miramontes, Massive symmetric space
sine-Gordon soliton theories and perturbed conformal field theory,
hep-th/0002219/.
[19] C.R. Fernandez-Pousa, M.V. Gallas, T.J. Hollowood and J.L. Mira-
montes, The symmetric space and homogeneous sine-Gordon theories,
Nucl. Phys. B484 (1997) 609, hep-th/9606032/.
[20] I. Bakas, Q-H. Park, H-J. Shin, Lagrangian formulation of symmetric
space sine-Gordon models, Phys. Lett. B372 (1996) 45, hep-th/9512030/.
[21] J.M. Evans, D. Kagan and C.A.S. Young, Non-local charges and
the quantum integrability of sigma models on the symmetric spaces
SO(2n)/SO(n)xSO(n) and Sp(2n)/Sp(n)xSp(n), Physics Letters B 597
(2004) 112.
[22] J.M. Evans, on symmetric spaces, Nuclear Physics B 717 (2005) 327.
[23] J.M. Evans, D. Kagan, N.J. MacKay and C.A.S. Young, Quantum
higher-spin local charges in symmetric space sigma models, Journal of
High Energy Physics 0501 (2005) 020.
[24] M.Sarisaman, Pseudoduality In Supersymmetric Sigma Models on Sym-
metric Spaces, hep-th/0904.4671/.
[25] E. Witten, Nonabelian bozonization in two dimensions, Commun. Math.
Phys. 92 (1984) 455-472.
[26] S. V. Ketov, Quantum Non-Linear Sigma-Models: From Quantum Field
Theory to Supersymmetry, Conformal Field Theory, Black Holes and
Strings, Texts and Monographs in Physics, Springer, Berlin, Germany,
2000.
33
